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Abstract

Spatial structure of genetic variation within populations is well measured by statistics based on the distribution of pairs of

individual genotypes, and various such statistics have been widely used in experimental studies. However, the problem of

uncharacterized correlations among statistics for different alleles has limited the applications of multiallelic, multilocus summary

measures, since these had unknown sampling distributions. Usually multiple alleles and/or multiple loci are required in order to

precisely measure spatial structures, and to provide precise indirect estimates of the amount of dispersal in samples of reasonable

size. This article examines the correlations among pair-wise statistics, including Moran I-statistics and various measures of

conditional kinship, for different alleles of a locus. First the correlations are mathematically derived for random spatial

distributions, which allow averages over alleles and loci to be used as more powerful yet exact test statistics for the null hypothesis.

Then extensive computer simulations are conducted to examine the correlations among values for different alleles under isolation by

distance processes. For loci with more than three alleles, the results show that the correlations are remarkably and perhaps

surprisingly small, establishing the principle that then alleles behave as nearly independent realizations of space–time stochastic

processes. The results also show that the correlations are largely robust with respect to the degree of spatial structure, and they can

be used in a straightforward manner to form confidence intervals for averages. The results allow a precise connection between

observations in experimental studies and levels of dispersal in theoretical models.

r 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The spatial distribution of genetic variation within a
population influences many processes of population
genetics, including biparental inbreeding and the opera-
tion of some forms of natural selection. Experimental
studies statistically characterize spatial structure of
genetic variation, because of its inherent interest as well
as to detect natural selection by contrasting spatial
patterns for different genetic loci (Epperson and Clegg,
1986), and to indirectly measure levels of dispersal
standardized by density (Chung et al., 1998). Several
dozen studies have employed a particularly popular
method based on Moran’s I-statistic, calculated for
pairs of genotypes converted into allele frequencies
(reviewed in Heywood, 1991; Epperson, 2003a). Many
studies have used various other pair-wise measures of
7-432-1143.

ess: epperson@msu.edu.

e front matter r 2004 Elsevier Inc. All rights reserved.

b.2003.11.003
conditional kinship that are closely related to and often
inter-convertible with I-statistics.
Pair-wise measures appear to capture most of the

information in spatial patterns of genetic variation
(Barton and Wilson, 1995). Moreover, the distribution
of Moran’s (1950) I-statistic is known under the null
hypothesis of a random spatial distribution (Cliff and
Ord, 1981). Under the sample-based assumption of
sampling pairs of observed genotypes (without replace-
ment), the distribution depends on the frequencies
of genotypes in samples, not those in the population.
The latter may depend on a stochastic process and
are usually not known. Under the same null hypothesis
the distributions of conditional kinship measures can be
determined by using I-statistics and the fixation index
(Epperson, 2003a).
A number of studies have characterized many of the

properties of pair-wise statistics, usually directly in
terms of I-statistics, in several stochastic processes,
including isolation by distance (e.g., Sokal and Warten-
berg, 1983; Doligez et al., 1998), with added selection
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(e.g. Sokal et al., 1989; Epperson, 1990), and properties
have also been studied in several deterministic processes
(e.g., Sokal, 1979). The sampling properties of
I-statistics also have been thoroughly characterized
under some of these processes (e.g., Sokal et al., 1997).
Values observed in samples can be compared to those in
isolation by distance models, and hence used to estimate
dispersal (Epperson et al., 1999).
Both theoretical and experimental studies have shown

that precise inferences usually require data for multiple
alleles and/or multiple loci. When spatially distributed
variables represent a spatial cross-section of stochastic
space–time processes, they are subject to substantial
stochastic noise. Averaging over multiple genetic vari-
ables reduces both stochastic variations and statistical
noise in estimators. The problem of averaging over
alleles of the same locus has been troublesome. Only the
case for a locus with two alleles has been straightfor-
ward, because then the I-statistics for both are identical
(Heywood, 1991). For a locus with more than two
alleles, it has been widely recognized that the values are
correlated, but the strengths of correlations were
unknown. Averaging over loci per se does not pose
any particular difficulty, as long as it is reasonable to
expect that there is little or no linkage disequilibrium
among loci; however, this is usually done either together
with or subsequent to averaging over alleles. Thus the
lack of knowledge of the correlations among values for
different alleles has limited the utility or efficiency of
multiallelic, multilocus summary statistics based on
averages of I-statistics or conditional kinship.
Among the large number of experimental studies

using I-statistics a wide range of approaches to the
problem of correlations have been taken, including (with
examples): 1. using all alleles for the average, but do no
formal testing of the average (Peakall and Beattie, 1995);
2. discarding the least common allele for each locus—
sometimes claiming that the I-statistics for the remain-
ing alleles are independent (Campbell and Dooley,
1992); 3. using only the most common allele (Bacilieri
et al., 1994), or otherwise using only one allele per locus
(Maki and Masuda, 1993); 4. discarding the most
common allele and using all remaining ones (Knowles,
1991); and 5. using mixtures of the foregoing. Still other
studies have used different measures, most often multi-
locus forms of conditional kinship measures, and re-
sampling methods.
It should be noted that empirical measures of kinship

are not necessarily the same as kinship measures in
mathematical models of stochastic processes (Malécot,
1955; Harpending, 1973; Morton, 1973a). Various
empirical measures include several developed by Morton
(1973a, b, 1982), multiple-locus and multilocus forms of
the measure of Cockerham (1969), which has been re-
examined recently (Loiselle et al., 1995; Rousset, 2000;
Hardy and Vekemans, 1999), and the sophisticated
measure of Smouse and Peakall (1999). Still other
measures are ‘‘analysis of molecular variance’’-type
estimators designed for modern molecular data (e.g.
Bertorelle and Barbujani, 1995), as well as measures
based on the numbers of alleles in common (Berg and
Hamrick, 1995) in multilocus genotypes of pairs of
individuals. However, there does not appear to be
significantly greater information in say DNA sequence
data compared to that contained in allelic state, with
respect to spatial distributions of genotypes within
populations (Barton and Wilson, 1995).
Truly multilocus genotypic estimators average first

over alleles and loci and then (at least for spatial
analyses) over pairs of individuals, but for other
summary statistics, such as averages of Moran’s I or
averages of single allele measures of conditional kinship,
averaging is first over pairs of individuals. Both
approaches use essentially the same information unless
there is linkage disequilibrium. If there is substantial
linkage disequilibrium, then the multilocus kinship
estimators will be affected and difficult to characterize,
because there almost no theoretical results for spatially
explicit multilocus distributions. The one two-locus
study indicated that there is likely to be little disequili-
brium at most spatial scales, even if loci are tightly
linked (Epperson, 1995a).
Most of these pair-wise statistics can be derived from

Moran’s I, using estimates of Wright’s (1965) fixation
index (Barbujani, 1987; Hardy and Vekemans, 1999;
Rousset, 2000). The sampling distribution theory was
originally developed by Cliff and Ord (1973) for
Moran’s (1950) I-statistics, thus providing a starting
point. Results can be first developed for Moran’s
I-statistics and then extended to the other kinship
measures. Moran’s I-statistic for a spatial distribution
of diploid genotypes is typically calculated as follows.
For each allele A, for each individual i; all genotypes
are converted into gene frequencies. Homozygotes AA
are assigned the value Xi ¼ 1:0; heterozygotes for A are
assigned 0.5, and all other genotypes have value zero.
Then the grand mean (also equal to the allele frequency
in the sample), X ; is subtracted, Zi ¼ Xi � X : In other
words, Zi is the mean-adjusted frequency of gene A in
the ith spatially located sample individual. Moran’s
I-statistic is written:

I ¼
n
P

i

P
jwijZiZj

W
P

iZ
2
i

; ð1Þ

where n is the number of sampled individuals, each wij is
a spatial proximity weight defined for the spatial
locations of individuals i and j; and W is the sum of
all weights (Cliff and Ord, 1981). Most commonly,
weights are chosen in order to form mutually exclusive
and exhaustive distance classes of pairs, or ‘‘joins,’’
of individual locations. Then, for a specific distance
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class k:

IðkÞ ¼
n
P

i

P
jdijðkÞZiZj

Wk

P
iZ

2
i

; ð2Þ

where the dijðkÞ indicate the inclusion (1) or exclusion
(0) of the pair (join) of individuals i and j in distance
class k (Sokal and Oden, 1978; Cliff and Ord, 1981). One
may focus on statistics for distance classes (Eq. (2)), but
recognize that the results can be extended to statistics
weighted by measures of spatial proximity (Eq. (1)).
The distribution of I can be complicated by the fact

that it is a ratio, but it has been determined under two
forms of null hypotheses of spatially random distribu-
tions of types (here genotypes), by Cliff and Ord (1973).
The first is to assume that the values (genetic values),
independent of spatial locations, have normal distribu-
tions that are also known. Both assumptions are not met
in the usual experimental setting for spatial distributions
of diploid genotypes. The second, used here, is that the
denominator of I is fixed, determined by the sample,
hence this form is readily applied to experiments.
Moreover, the relationship between I and the single
allele measure of genetic correlation or conditional
kinship, R (Cockerham, 1969), is straightforward. In
fact, Moran’s I-statistic as applied to genetic data is of a
form suggested by Malécot in 1955 (Malécot, 1955). The
denominator of I is equal to the sample variance, s2; of
genetic values times nWk; and R ¼ ðIs2Þ=ðqð1� qÞ),
where q is the allele frequency in the sample. An
alternative expression of this relationship is R ¼ Ið1þ
FÞ=2; where F is the allele-specific maximum likelihood
estimator of the fixation index (Brown, 1970) (see also
Hardy and Vekemans, 1999; Rousset, 2000). The
fixation index is determined by the sample, hence the
distribution of R under the null hypothesis H0 is equal
to that of I multiplied by the constant ð1þ FÞ=2:
Moreover, averages of R; taken either over genes
(if there is no linkage disequilibrium) or over individuals
first, are simply weighted averages (by constants
ð1þ FÞ=2Þ of I-statistics, under the null hypothesis.
IaðkÞ ¼
2n½q2nAAAA � qð0:5� qÞnAAAa � qð1� qÞnAAaa þ ð0:5� qÞ2nAaAa þ ð0:5� qÞð1� qÞnAaaa þ ð1� qÞ2naaaa�

Wk½q2nAA þ ð0:5� qÞ2nAa þ ð1� qÞ2naa�
ð3Þ
Hence the results in this article are extended to single
and multiple gene versions of R:
In this article, first methods are developed for

characterizing the covariances and correlations of
Moran’s I-statistics, and by extension R statistics, for
different alleles of a locus, under the null hypothesis of a
IaðkÞ ¼
2n½q2

P
%an %a %a %a %a � qð0:5� qÞ

P
%ana %a %a %a � qð1� qÞ

P
%anaa %a %a þ ð0

Wk½q2
P

%an %a %a þ ð0:5�
random distribution. This allows estimation of the
standard error under the null hypothesis and tests of
significance based on the average value across alleles
and loci. In addition, the values of the correlations are
characterized under processes of isolation by distance.
Fortunately, and perhaps surprisingly, the results will
show that the correlations do not depend much (if at all)
on the degree of isolation by distance. Hence, under a
wide range of circumstances they can be used to estimate
standard errors of and form confidence intervals for
multiallelic, multiple-locus estimators of genetic correla-
tions (i.e. without assuming the null hypothesis), with-
out having to posit the degree of spatial autocorrelation,
which could otherwise involve a degree of circularity. In
sum, it becomes possible to analyze spatial genetic
structure based on multiallelic multiple locus data, using
estimators that have known distributions and relation-
ships to process parameters of simulated theoretical
models.
2. Methods

2.1. Analysis of covariances and correlations under the

null hypothesis

Moran’s I-statistic for converted genotypes is a
function of the so-called join counts and the average
value (which equals the allele frequency in the entire
sample). To illustrate, first consider the two allele case
with three genotypes, AA, Aa, aa, which occur with
numbers nAA; nAa; and naa in a sample of total size n:
Let the frequency of the a allele be denoted as q [note
that q ¼ ðnaa þ nAa=2Þ=n�; and nAAAA; nAAAa; nAAaa;
nAaAa; nAaaa; naaaa be the numbers of AA�AA; AA�
Aa; AA� aa; Aa�Aa; Aa� aa; aa� aa pairs or
joins, respectively, for a given distance class k: Then,
the Moran I-statistic, IaðkÞ; for allele a and distance
class k is:
(Epperson, 1995b). For loci with arbitrary numbers
of alleles, there are three important classes of joins,
those that involve aa, those that involve %aa (where %a
means any allele that is not allele a), and those that
involve neither (joins with %a%a only). It can be
shown that:
:5� qÞ2
P

%ana %aa %a þ ð0:5� qÞð1� qÞ
P

%anaaa %a þ ð1� qÞ2naaaa�
qÞ2
P

%ana %a þ ð1� qÞ2naa�
ð4Þ
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Table 1

Types of products of joins, indicating the appropriate one of the seven

equations in the appendix, for the case of four genotypes, B, W, C, and

D

Type of join

Type of join BB BW BC BD WW WC WD CC CD DD

BB A1 A3 A3 A3 A4 A6 A6 A4 A6 A4

BW — A2 A5 A5 A3 A5 A5 A6 A7 A6

BC — — A2 A5 A6 A5 A7 A3 A5 A6

BD — — — A2 A6 A7 A5 A6 A5 A3

WW — — — — A1 A3 A3 A4 A6 A4

WC — — — — — A2 A5 A3 A5 A6

WD — — — — — — A2 A6 A5 A3

CC — — — — — — — A1 A3 A4

CD — — — — — — — — A2 A3

DD — — — — — — — — — A1
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where each summation is over all alleles ð%aÞ that are not
allele a (Epperson, 2003a).
The covariance of IAðkÞ and IBðkÞ; for alleles denoted

A and B (to avoid confusion of A, a and %a; etc. in the
multiallele case), is the expected value of the product
IAðkÞIBðkÞ minus the product of the expected values of
IAðkÞ and IBðkÞ: A correlation coefficient is the
covariance divided by the product of the standard
errors of IAðkÞ and IBðkÞ: It follows that the correlations
are functions of the actual numbers of joins, the
expected values of products of numbers of joins, the
products of expected numbers of joins, the frequencies
of genotypes and alleles, the sample size, and three other
parameters that are determined by the spatial distribu-
tions of sample locations. The latter are:

S0ðkÞ ¼
X
ð2Þ

dijðkÞ ð5Þ

or WðkÞ; twice the number of joins total for distance
class k;

S1ðkÞ ¼
1

2

X
ð2Þ

ðdijðkÞ þ djiðkÞÞ2 ð6Þ

which is four times the number of joins ð2WðkÞÞ and,

S2ðkÞ ¼
Xn

i¼1

Xn

j¼1
dijðkÞ þ

Xn

j¼1
djiðkÞ

 !2
ð7Þ

(Cliff and Ord, 1981).
As noted in the introduction, the most useful null

hypothesis is that for ‘‘randomization,’’ in part because
it does not require the true mean of a stochastic process
(Cliff and Ord, 1973), which is usually unknown if not
unknowable. The randomization null hypothesis means
that the distributions of pairs of genotypes is that
produced by randomly sampling (without replacement)
from the sample genotypes without respect to their
spatial locations, and it is also termed ‘‘non-free’’
sampling. The expected values of products of join
counts under the non-free null hypothesis were derived
in an earlier article (Epperson, 2003b). It was shown that
there are seven distinctive types of products of joins
(Table 1). We will use single-letter notations for diploid
genotypes, in order to manage the expressions for the
products of joins, and only four genotypes, denoted B,
W, C, and D, are needed. The seven classes of types of
products of joins are typified by BB BB, BW BW, BB
BW, BB WW, BW BC, BW CC, and BW CD,
respectively, and for example BW CD denotes the
product of joins between genotypes B and W and joins
between genotypes C and D. The method is completely
general for arbitrary numbers of genotypes E, F, G, etc.,
because for example the product of EE joins with FG
joins (or vice versa) is in the same class as BB WC
(Epperson, 2003b).
For ‘‘non-free’’ sampling the expected number of
joins for any distance class k is

mBBðkÞ ¼
S0ðkÞnð2Þ

B

2nð2Þ ð8Þ

and

mBW ðkÞ ¼ S0ðkÞnBnW

nð2Þ ð9Þ

for BaW: Throughout what follows we will assume that
where different letters are used, it means that they
are different genotypes. Here nB is the number of times
that genotype B occurs among all n locations, n

ð2Þ
B ¼

nBðnB � 1Þ; and nð2Þ ¼ nðn � 1Þ; nð3Þ ¼ nðn � 1Þ
ðn � 2Þ; nð4Þ ¼ nðn � 1Þðn � 2Þðn � 3Þ; and similarly for
the n

ð3Þ
B etc. (Cliff and Ord, 1981). To simplify exposition

we make the minor assumption that there are at least
four of all genotypes in the sample, so that the n

ð4Þ
B are

defined. The seven equations for the expected values of
products of join counts are given in the appendix.
It is worth noting that the products typically involve

S2ðkÞ; a second-order measure determined by distribu-
tion of sample locations and the definition of distance
class k: Equations for the variances of join counts are
also given in the appendix. Together these results
provide all that is needed to characterize the covariances
and correlations of Moran’s I-statistics for different
alleles of the same locus, under the non-free sampling
null hypothesis of random spatial distributions.
The expected products (and subtracting off the

product of expected values, then the covariances)
between Moran’s I-statistics for alleles A and B at a
locus, for a given distance class k; IA and IB; were
calculated by multiplying the two appropriate expres-
sions for Eq. (4) (right-hand side), i.e. by summing terms
of products of functions of allele frequencies and
expected values of products of join counts. The latter
were computed using appendix equations (A.1)–(A.7).
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Table 2

Dispersal parameters in various sets of simulations

Simulation dispersal modela

1 2 3 4 5

Nf 1 25 49 1 625

Nm 9 25 49 225 625

Ne 4.2 25.1 50.2 115.2 632.4

aNf and Nm are the numbers of nearest female and male individuals

from which parents of an offspring are randomly chosen, and Ne is

effectively Wright’s neighborhood size.

Table 3

Models of unequal allele frequencies for simulations

Model Allele

1 2 3 4 5

3u 0.1 0.3 0.6 — —

4u 0.1 0.1 0.3 0.5 —

5u1 0.1 0.1 0.1 0.1 0.6

5u2 0.02 0.02 0.05 0.05 0.86
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A wide range of allele frequencies were input, and
genotypic frequencies were calculated according to
Hardy–Weinberg proportions, which appropriately re-
flects the lack of mating by proximity and inbreeding in
a randomly distributed population under the null
hypothesis (other forms of inbreeding, e.g. selfing,
would violate Hardy–Weinberg). Because these expres-
sions involve values of S0ðkÞ; S1ðkÞ and S2ðkÞ; the
values may depend on the array of sample locations and
distance class. In the results reported here calculations
were done on a 100� 100 grid. Correlations were
obtained by dividing by the standard errors (Appendix
equations (A.8) and (A.9)). The method of calculation is
completely general. A computer program was written to
calculate the values of correlations of IA and IB; for any
sample [any set of weights, dijðkÞ], with any number of
alleles, and this program is available upon request from
the author. The program takes advantage of the fact
that, regardless of the number of alleles, all products of
joins can be placed into seven classes (Table 1) that
determine the coefficient (multiplier of the allele
frequencies function) and the powers of the genotypic
frequency terms. It is not reasonable to write here the
equations for the covariances (or correlations), because
there are large numbers of terms. For example, the
smallest case of interest is that of three alleles, for which
there are six genotypes, 21 types of joins, and 212 ¼ 441
terms of products of joins. For four alleles there are 10
genotypes, 55 types of joins, and 3025 products of joins.
Instead, the computer program first finds the one
appropriate form of seven possible equations (see
Table 1), by recognizing the type of products of joins.
The algorithm also simultaneously counts the actual
numbers of joins and S0ðkÞ; S1ðkÞ; and S2ðkÞ; and
calculates the genotypic frequencies.

2.2. Simulations of genetic isolation by distance

Full details of the simulation program, which uses
Monte Carlo methods to simulate stochastic generations
of life cycles, were described previously (Epperson,
1990). Briefly, each simulated population consisted of
10,000 individuals with diploid single-locus genotypes
located on a 100� 100 square lattice. Each simulation
was initialized with a randomly sampled distribution of
genotypes, with expected proportions following Hardy–
Weinberg proportions. Simulations were replicated in
sets of 100. Sets differed according to the amount of
simulated dispersal (Table 2), and in the numbers of
alleles (three, four or five) and their initial frequencies
(Table 3). For each multiplicity of alleles, a set of
simulations was conducted with initially even frequen-
cies of all alleles. Allele frequencies changed very little
during the course of a simulation. In addition, four sets
of simulations were conducted with uneven frequencies
of the alleles (Table 3). Together, the sets represent a
wide range of types of allele constellations and
elucidated several principles applicable to more general
situations. They also allow contrasts that separate
effects of allele frequency per se from possible effects
of number of alleles. There was little reason to consider
cases with more than five alleles, in part because it
would force low allele frequencies. Five dispersal models
were conducted, which together represent a very wide
range of dispersal levels (Table 2). Either or both the
female and male parents of an offspring were chosen at
random (using two Uniform (0,1) pseudo-random
numbers to choose the two coordinates for each parent)
generally from one of the nearest Nf and Nm (respec-
tively) neighbors including self. Thus, each individual
within the group of size Nf and Nm had equal chances
of being the female or male parent, respectively. This
may be considered unrealistic for many species, in which
the probability of dispersal decays with distance.
However, it is justified by the fact that the form of the
dispersal curve has little effect on spatial structure,
rather it is the standardized neighborhood size that
matters (e.g., Rohlf and Schnell, 1971). In total, 35 sets,
each requiring about 4 h of cpu on a Sun Ultraspark, or
3500 space–time simulations were run for loci with
multiple alleles. Each simulation was run for 200
generations, by which time the simulations have
obtained a quasi-stationary state (e.g., Sokal and
Wartenberg, 1983). In addition, for each allele model
100 of the randomly generated initial surfaces were
examined as realizations of the randomization null
hypothesis, and these are denoted by ‘‘dispersal model’’
Ne ¼ 10; 000 (random mating).
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3. Results

3.1. Correlations under the null hypothesis

The covariances and correlations were calculated for
several quite different distance classes, ranging from a
first distance class of near-neighbors (0–1.5 times the
distance between adjacent individual locations) to near
maximum distances, 137.5–138.5 times the distance
between adjacent locations (Table 4). These distance
classes varied widely in values of S0ðkÞ and S2ðkÞ
(it is unnecessary to consider S1ðkÞ because it is equal to
2S0ðkÞ in the case of unweighted I-statistics). Naturally,
the covariances varied widely for the different cases.
More importantly and perhaps surprisingly, there were
no discernible differences in the correlations among
these cases. There were some small differences (0.001 or
less), but these were always smaller than computational
error. [The computation precision errors were evidenced
by building several symmetries into the calculations,
redundancies of types of pairs of alleles, and calculating
Table 4

Distance classes analyzed for correlations under the null hypothesis

Distance class S0 S2 S2=S0

0–1.5 78,804 2,497,968 32

4.5–5.5 262,216 28,119,680 107

9.5–10.5 490,508 100,450,256 205

19.5–20.5 851,120 313,403,104 368

49.5–50.5 1,396,720 827,825,824 593

99.5–100.5 235,272 50,731,776 216

137.5–138.5 80 800 10

Table 5

Correlations of Moran’s I-statistics for converted genotypes for two alleles,

allele and dispersal models and under the null hypothesis

Dispersal model

Allele Allelesa Allele 4.2 25.1 50.2

model freqs.

3e ‘‘1’’, ‘‘2’’ 0.33, 0.33 0.256 0.303 0.2

3u 1,2 0.10, 0.30 0.159 0.051 0.2

1,3 0.10, 0.60 0.291 0.306 0.1

2,3 0.30, 0.60 0.667 0.638 0.5

4e ‘‘1’’, ‘‘2’’ 0.25, 0.25 0.218 0.105 0.0

4u 1,2 0.10, 0.10 0.095 0.139 �0.0
‘‘1’’,3 0.10, 0.30 �0.133 0.081 �0.0
‘‘1’’,4 0.10, 0.50 0.083 0.101 0.1

3,4 0.30, 0.50 0.408 0.465 0.6

5e ‘‘1’’, ‘‘2’’ 0.20, 0.20 0.023 0.036 0.0

5u1 ‘‘1’’,‘‘2’’ 0.10, 0.10 �0.035 0.007 �0.0
‘‘1’’,5 0.10, 0.60 0.171 0.181 0.0

5u2 1,2 0.02, 0.02 0.102 �0.101 �0.0
‘‘1’’,‘‘3’’ 0.02, 0.05 �0.018 �0.002 �0.0
‘‘1’’,5 0.02, 0.86 0.233 0.196 0.2

3,4 0.05, 0.05 �0.029 0.053 0.0

‘‘3’’,5 0.05, 0.86 0.366 0.366 0.3

aQuotation marks means either that any one of alleles with same frequenc

average of correlations found for alleles with the same initial frequencies, in
both the correlation with allele A first and B second and
the correlation for the reverse (B,A). Errors were
minuscule for moderate values of S0ðkÞ and S2ðkÞ; and
still small for larger ones. They result from summing
large numbers of products of large numbers, beyond
computer language precision levels.] Inspection of the
equations, with such terms as n

ð3Þ
B ; etc., indicates that the

correlations are unlikely to be completely independent
of S0ðkÞ and S2ðkÞ; but algebraic proof of this is
infeasible because of the huge numbers of terms.
Nonetheless, the correlations were essentially invariant
over a wide range of values of S0ðkÞ; S2ðkÞ and the ratio
S2ðkÞ=S0ðkÞ (Table 4). Moreover, any differences that
were observed are small compared to stochasticity in
correlations in realizations of a randomization process
(see below).
Because of the lack of effect of distance class, only the

correlations for distance class one are shown in Table 5.
For the allele models with equal allele frequencies, q; the
correlations are 0.250, 0.111, 0.062 respectively for three
alleles ðq ¼ 0:33Þ; four alleles (0.25), and five alleles
(0.20). They are large only for loci with three alleles. For
the models with alleles having unequal frequencies the
correlations are also always positive, but they are large
only for pairs of relatively high frequency alleles.
Moreover, these results strongly indicate that for a
locus with more than two alleles, the number of alleles is
unimportant, and that only allele frequencies matter.
For example, correlations (0.048) for the 1, 2 pair of
alleles ðq ¼ 0:1; 0:3Þ in the three allele case are identical
to those for the ‘‘1’’, 2 pair with the same allele
frequencies in the four allele case (Table 5). All such
for distance class one, for sets of simulated populations with various

115.2 637.4 Average 10,000 H0

10 0.320 0.301 0.278 0.154 0.250

80 0.063 0.052 0.121 �0.097 0.048

75 0.234 0.220 0.245 0.050 0.166

71 0.585 0.669 0.625 0.618 0.643

60 0.028 0.162 0.115 0.064 0.111

09 �0.067 0.150 0.062 �0.121 0.012

41 �0.035 �0.039 �0.033 �0.056 0.048

12 0.098 0.089 0.097 �0.015 0.111

08 0.372 0.430 0.457 0.285 0.429

51 0.058 0.031 0.040 �0.006 0.062

96 0.019 0.176 0.014 �0.013 0.012

58 0.132 0.282 0.165 0.079 0.167

65 �0.026 0.026 �0.013 �0.059 0.000

15 �0.081 0.074 �0.008 0.025 0.001

64 0.055 0.213 0.192 0.239 0.125

45 �0.041 �0.044 �0.003 �0.072 0.003

98 0.402 0.378 0.382 0.384 0.324

ies, in the case of the expected value under the null hypothesis, or the

the case of simulated processes.
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Table 6

Two examples illustrating the stochasticity in correlations of

I-statistics between alleles in sets of 100 simulated populations

Allele

Allele 1 2 3 4 5

1 �0.085 �0.063 �0.065 0.270

2 0.100 �0.164 �0.002 0.116

3 0.085 �0.111 0.172 0.171

4 �0.064 0.083 �0.019 0.128

5 0.104 0.102 0.003 0.320

One example is dispersal with Ne ¼ 4:2 (above diagonal) and the other

has Ne ¼ 115:2 (below diagonal). Both have the same allele model,

with five alleles with unequal allele frequencies (model 5u1). In both

cases, alleles 1, 2, 3, 4 have the same frequencies (0.1) and allele 5 is

most common (0.6). Thus for example all analogous pairs of alleles

(e.g. 1:5, 2:5, 3:5, and 4:5) have the same expected correlations.
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comparisons yield identical or nearly identical (perhaps
within calculation error) correlations. Finally, in cases
where there is one major allele, one moderate-frequency
allele, and the remaining alleles all in low frequency, the
larger correlations involve the major allele. For exam-
ple, in the four-allele model, apart from correlations
involving allele 4, the largest is 0.048. In the two five-
allele models, if allele 5 is omitted the largest correla-
tions are 0.012 and 0.003, respectively.

3.2. Correlations under isolation by distance

The correlations in simulations, although variable
among sets, show no strong systematic trends with the
degree of isolation by distance (Table 5). For example,
the averages across all allele models are 0.17, 0.17, 0.15,
0.12 and 0.19, respectively, for dispersal models 1–5.
Moreover, as with the values under the null hypothesis,
there were no apparent systematic trends among
distance classes, thus only the results for distance class
one are shown in Table 5. It appears that the differences
among simulation sets are mostly due to stochasticity.
The level of stochasticity is detectable as differences
among pairs of different alleles with the same paired
allele frequencies. Two examples are shown in Table 6.
For example, for Ne ¼ 4:2 (above diagonal), values
range from 0.116 to 0.270 for the four rare allele–major
allele pair-wise combinations. For Ne ¼ 115:2 (below
diagonal), the analogous range is 0.003–0.320. More-
over, the average values over all five non-random
mating dispersal simulation sets are very close to the
values under the null hypothesis, and so are the values
for random simulated surfaces (Table 5).
4. Discussion

The results utilize the fact that Moran’s I-statistics for
genotypes converted to gene frequencies can be ex-
pressed in terms of join-counts of pairs of genotypes
(Epperson, 1995b, 2003a). The covariances and correla-
tions among I-statistics for different alleles of the same
locus are functions of the expected values of the
products of the join-counts (Epperson, 2003b). Under
the null hypothesis, albeit the algebraic expressions of
correlations among I-statistics for different alleles
typically involve huge numbers of terms, algorithms
for computing them can take advantage of the fact that
the terms can be placed into seven classes. For the wide
range of studied values of S0ðkÞ and S2ðkÞ; and the ratio
S2ðkÞ=S0ðkÞ; covering any likely contemplated in
experiments, the correlations were invariant. In other
words, the results should apply to usual experiments,
largely robust to the details of the actual spatial
distribution of sample point locations and distance class
designations. Although it appears unlikely that complete
invariance would hold for all S0ðkÞ and S2ðkÞ; the size of
the expressions makes infeasible any algebraic proof of
this. In contrast, the correlations depend strongly on
allele frequencies, and these are given by the data in
experiments. Knowledge of the correlations under the
null hypothesis allows for the first time proper statistical
tests of significance based on the mean value of pair-wise
spatial correlations over alleles, as is discussed in detail
below.
Remarkably, and perhaps surprisingly, among the

studied models of isolation by distance the correlations
among I-statistics for different alleles were unaffected
by the spatial autocorrelations of genotypes. This is
useful for testing alternate hypotheses, and for generat-
ing standard errors for mean I-statistics. It implies that
we do not need to know the spatial autocorrelation in
order to obtain standard errors of summary measures of
autocorrelation, thus escaping from a circularity. It
should also be noted that the fixation index, caused
by mating by proximity, ranged widely among the
simulations, from near zero to about 0.33 (Epperson,
1990), suggesting that it has little or no effect on
the correlations of I-statistics. Further, although there
were no strong or even evident systematic trends of
the correlations with degree of isolation by distance,
there was considerable variation among sets of simula-
tions. This variation is attributable to the substantial
stochastic variability that was observed among redun-
dancies built into the models, such as variations among
analogous pairs of alleles within sets of simulations,
which are caused solely by stochastic variation in the
spatial distributions. It should not be surprising that
correlations among autocorrelation statistics have con-
siderably high levels of stochasticity. Different simula-
tion runs within the same set can be considered to
correspond to different loci, with similar arrays of allele
frequencies, and subject to the dispersal characteristics
of the same population. The correlations of autocorrela-
tions are generally positive, indicating that in the spatial
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distribution of a locus, when one allele exhibits higher
autocorrelations, compared to the average across loci,
other alleles of the locus also tend to have higher than
average autocorrelations. It should be noted that the
correlations over a smaller number of loci (e.g. 10)
would exhibit even greater stochasticity than that
observed in the sets, each of which contained 100
simulations.
The results also indicate that correlations of statistics

for different alleles do not depend directly on the
number of alleles, as long as it is greater than two.
Rather they depend strongly on the frequencies of
alleles. The effects of allele frequencies are also fairly
simply expressed. Correlations are largest for pairs of
moderate- to high-frequency alleles (e.g. both with
frequency greater than ca. 0.3), moderate in value for
common–rare pairs of alleles, and very small for pairs of
low-frequency alleles (both less than ca. 0.2). Thus only
loci with less than five alleles have substantial correla-
tions, unless there is a very common allele. However,
many isozyme loci fit this profile. In contrast, many
microsatellite loci have much larger numbers of alleles
and none with very high-frequency, although some do
have high-frequency alleles (e.g., Rajora et al., 2000).
Because Moran’s I-statistic is asymptotically normal-

distributed (Cliff and Ord, 1981), the joint distribution
of a set of values for different alleles should depend only
on the means, variances and correlations. The average,
I ; over m alleles of a locus has a variance given by
the standard formula for an (unweighted) average
(e.g., Feller, 1957):

s2ðIÞ ¼ 1

m

� �2 Xm

A¼1
s2ðIAÞ þ 2

X
A;B

CovðIA; IBÞ
" #

ð10Þ

where the second summation is over all alleles A and B
such that AoB; s2ðIAÞ is the variance of IA and the
CovðIA; IBÞ are stochastic covariances for alleles A and
B. For tests of significance of I ; the values of
correlations, CorrðIA; IBÞ; under the null hypothesis
are used, i.e. set CovðIA; IBÞ ¼ CorrðIA; IBÞsðIAÞsðIBÞ:
The statistic ðI � EðIÞÞ=sðIÞ has an asymptotically
standard normal distribution, where EðIÞ is the expected
value of I ; which is equal to the average expected value
for each allele. Moreover, averages could be further
taken over loci, by assuming that the correlations are
zero for genes of different loci (i.e., stochastic linkage
disequilibrium coefficients are zero). Eq. (10) can also be
considered to sum over loci as well as alleles, so that m is
taken as a function of numbers of alleles for all loci.
Similarly, because the variances and correlations are

essentially unaffected by structure under isolation by
distance, the standard errors of I are likewise unaf-
fected. Thus confidence intervals for I can be computed
in the usual way, under the much more relaxed
assumption of isolation by distance. That the variances
of allele-specific I-statistics are largely unaffected by
isolation by distance has been shown in a number of
studies (e.g., Epperson and Li, 1997; Epperson et al.,
1999). Moreover, the variances and expected values of I

are unaffected by allele frequency (Epperson, 1995b;
Epperson et al., 1999), unless it is reduced to ca. 0.02
(Epperson, 2003a). There appears to be little compelling
reason to weight alleles in calculating averages of
I-statistics. The lack of gain of statistical power by
weighting alleles by their frequency was also observed
by Smouse and Peakall (1999).
In total, the results of this and other studies inform

methods of analyzing spatial distributions of diploid
multilocus genotypes. First, it should be pointed out
that very rare alleles, e.g. ones represented in only one or
a few individuals, should be discarded as uninformative
and potentially biased. If only one allele remains, then
that locus is uninformative. If only two alleles remain,
then one should be discarded as providing nearly
identical information as the other.
If there are three or more non-rare alleles, then there

are three potential courses of action. The first is simply
to ignore the correlations among alleles, which seems a
reasonable proposition if there are four or more alleles
that are not in high frequency. In all studied cases the
correlations are positive under H0; and this means that
ignoring them would generally lead to an underestimate
of the variance of I : The maximum error occurs for a
diallelic locus, where the correlation is 1.0, and if is not
taken into account in Eq. (10), the estimated variance of
the average of two I values would be half as large as it
should be. To examine the effects for other cases, it will
be assumed that the variances for I are the same for all
m alleles. Then the ratio of the variance of I ignoring
correlations to the correct variance (Eq. (10)) is
mC½m þ 2

P
CorrðIA; IBÞ�; where again the summation

is over all pairs of alleles A and B such that AoB: For
the models with equal allele frequencies the ratios are
0.67, 0.75, and 0.80, respectively for three, four and five
alleles, indicating that the variance is underestimated
by 20–33%, a substantial error. Interestingly, the
variances would be correct if the sum of variances were
divided by mðm � 1Þ rather than m2: This implies that
2
P
CorrðIA; IBÞ ¼ m=ðm � 1Þ (where the sum is over

AoB). For the other models, 3u, 4u, 5u1 and 5u2; the
ratios are 0.64, 0.72, 0.77 and 0.73. Note these are
different from and somewhat smaller than those for
the corresponding even-frequency cases, indicating that
the error is increased. However, the differences are
small, and little bias would be created if the sum of
variances were divided by mðm � 1Þ rather than by m2;
as in the equal-frequency cases. Nonetheless, in all of
these cases, unless a correction is made, the variance will
be seriously biased by ignoring the correlations. How-
ever, some markers may have as many as 25 or even 50
alleles, and then the bias would be negligible.
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The second method would be for experimenters to
find in the Table 5 the closest fit of allele frequencies to
the data, or use the calculation formula (appendix
equations (A.1)–(A.9)), and input the correlations into
Eq. (10). This should be considered an approximation
because the correlations are stochastic. It provides an
unbiased estimate of the standard error of I ; although it
requires a fair amount of calculation.
A third procedure may be recommended in that it is

simple to implement. It is reasonable to consider this
option when allele frequencies are not very even,
especially where one allele has high frequency (say 0.6
or greater). This procedure is to omit from the average
the most common allele, and ignore remaining correla-
tions, all of which will then be small. For examples, if
the highest frequency allele is removed in models 3u, 4u,
5u1 and 5u2; the percent errors of ignoring correlations
are 0.046, 0.035, 0.018, and 0.002, i.e. negligible. Note
that the estimated variance is increased, because the sum
of variances is divided by ðm � 1Þ2 rather than m2:
However, it appears that fairly little information is lost
by throwing out the most common allele, because of the
correspondence to the correct variance as shown above
in the discussion of the approach of ignoring all
correlations and not first removing the most common
allele. Its spatial information is highly correlated with
one or another of the other alleles. This also has been
observed in our datasets in various experimental studies.
Very often I-correlograms for high-frequency alleles
appear to be ‘‘mimicked’’ by those for some low-
frequency alleles. Finally, it is worth noting that a
potential fourth alternative procedure, removing rare
alleles (Campbell and Dooley, 1992), generally will not
make the remaining alleles uncorrelated nor the
estimated variance unbiased. For example, if one of
the rarest alleles is omitted for models 3u, 4u, 5u1 and
5u2; the variance estimates for the average not only are
increased (reflecting loss of information) they still
underestimate the true variance by 22–31%.
In summary, the simplest recommendations for

creating per locus averages are: 1. very rare alleles
should be discarded; 2. if there are more than 15 or 20
alleles, the correlations can be ignored; and 3. for
smaller numbers of alleles, all alleles can be kept and the
estimated variance of the average can be calculated in
the usual way (i.e., by treating the allele-specific values
as being independent and ignoring the correlations), and
then multiplying the result by m=ðm � 1Þ: The latter
should closely approximate the correct variance under
conditions likely met in experimental studies. It is
equally valid for both testing the null hypothesis,
and for forming confidence intervals when population
structure is determined by isolation by distance pro-
cesses. Further, it can be verified by matching the
constellation of pairs of allele frequencies to the
closest ones displayed in Table 5, and checking if
2
P
CorrðIA; IBÞ is close to m=ðm � 1Þ: Finally, the per

locus averages can be further averaged over loci, and the
assumption that they are independent can usually be
assumed unless there are strong reasons to expect
substantial linkage disequilibrium.
It should be pointed out that pair-wise statistics can

also be used as indirect but precise estimators of levels of
dispersal. Isolation by distance quickly results in a
spatial distribution that is highly stable, persisting for
long periods (e.g., Sokal and Wartenberg, 1983). Spatial
autocorrelations remain constant during this so-called
‘‘quasi-stationary phase,’’ and the magnitude of Mor-
an’s I for converted genotypes for short distance classes
decreases monotonically with total dispersal, as mea-
sured for example by Wright’s neighborhood size
(Epperson and Li, 1997). Two alternatives are to use
only the statistics for the first distance class or use entire
correlograms. The former is more straightforward, and
can be nearly as powerful as is the latter (Oden, 1984), in
part because specialized tests for correlograms and
Bonferroni type corrections for multiple tests are overly
conservative. In either case, generally samples of a few
thousand genotypes in total are sufficient to detect and
precisely measure autocorrelation, even when dispersal
is high and autocorrelation is weak (Epperson et al.,
1999). That is, the average for distance class one,
averaged over m total alleles (following the above
guidelines for which alleles to include in the average),
for a sample of n individuals, will usually be adequate
when nm is a few thousand. An example is five loci, with
three alleles each, assayed for 150 individuals, which is
well within the size of many experimental systems. In
some cases one or two microsatellite loci could be
sufficient. For example, in a sample of ca. 100 seedlings
of Pinus strobus assayed for five microsatellites, having
2–12 alleles each with a total of 27 alleles, the average
value of I-statistics for the first distance class was 0.020
(Walter and Epperson, 2004). The value was highly
statistically significant, and even the weak spatial
structure expected for such a dense, outbreeding
population with wind-dispersed seed and pollen was
detected as being significantly different from a random
spatial distribution. Interestingly, the results also
showed that spatial structure for one of the loci
(Rps 50), which was by far the most variable with 12
alleles, was significantly different from that observed for
the other loci. The values were �0:012 for Rps 50 and
0.048 for the other loci combined. Such a difference
might be caused by a higher mutation rate for Rps 50,
and it would not have been detected if only the total
multilocus average were computed.
As noted in the introduction, the results in this article

characterizing the correlations for I-statistics for alleles
of the same locus can be applied to several other
measures. Most other measures are based on the single-
allele measure of genetic relatedness of two individuals i
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and j given by ðqi � qÞðqj � qÞ=qð1� qÞ (Morton, 1975).
For example, an average may be found for a set of pairs
of individuals:

R ¼
P

i;jðqi � qÞðqj � qÞ
kqð1� qÞ ; ð11Þ

where qi is the converted frequency of the allele in
individual i and q is the average frequency in the entire
sample. The summation is over all k pairs of n sample
genotypes in the set (here distance class). It can be
easily shown that R ¼ ðIs2Þ=qð1� qÞ; or alternatively
R ¼ Ið1þ FÞ=2; where F is the fixation index specific to
the allele. Some multilocus estimators are formed as the
average value of R; as defined in Eq. (11), averaged over
alleles and/or loci, forming R (e.g., Loiselle et al., 1995).
If F is not constant among alleles, then R is the average,
I ; only where each I is weighted by ð1þ FÞ=2: Since the
F are fixed in the sampling, the values of ð1þ FÞ=2 are
constants (not random variables) and the correlations
among the R equal those among the I : The correlations,
together with an equation analogous to Eq. (10), but
allowing for weights, can be used to find the variance
of R: If F can be considered constant among alleles
then R ¼ Ið1þ FÞ=2 and the variance of R equals
½ð1þ FÞ2=4� times the variance of I :
Other multilocus kinship estimators, here denoted R;

first sum over all alleles and loci for each pair of
multilocus genotypes, and then over pairs of individuals
(e.g., Smouse and Peakall, 1999), opposite the order for
averaged I-statistics and R as defined above. If there is
linkage disequilibrium then the loci are not independent,
and this will affect the distribution, including the
variance, of R: The results of this study will not apply.
In principle, the distribution could be developed in
terms of pairs of multilocus genotypes. In practice this
would be inordinately complex, because the number of
genotypes would be large and the numbers of products
of join counts needed increases with the fourth power of
the number of genotypes. If linkage disequilibrium is
negligible, as would often be expected, then R is again a
weighted average of the I-statistics, and its variance can
be calculated using the present methods.
Appendix

The expected value of nBBðkÞnBBðkÞ under non-free
sampling is

1

4

S1ðkÞnð2Þ
B

nð2Þ þ ðS2ðkÞ � 2S1ðkÞÞnð3Þ
B

nð3Þ

"

þ ðS0ðkÞ2 þ S1ðkÞ � S2ðkÞÞnð4Þ
B

nð4Þ

#
ðA:1Þ
and that for nBW ðkÞnBW ðkÞ is

1

4

"
2S1ðkÞnBnW

nð2Þ þ ðS2ðkÞ � 2S1ðkÞÞnBnW ðnB þ nW � 2Þ
nð3Þ :

þ 4ðS20ðkÞ þ S1ðkÞ � S2ðkÞÞnð2Þ
B n

ð2Þ
W

nð4Þ

#
ðA:2Þ

(Cliff and Ord, 1981).
The expected value for the remaining products were

given in Epperson (2003b), and for nBBðkÞnBW ðkÞ

EfnBBðkÞnBW ðkÞg

¼ 1

2

n
ð2Þ
B nW

nð3Þ ðS2ðkÞ � 2S1ðkÞÞ=2
"

þ n
ð3Þ
B nW

nð4Þ ðS20ðkÞ � S2ðkÞ þ S1ðkÞÞ
#
; ðA:3Þ

for nBBðkÞnWW ðkÞ

EfnBBðkÞnWW ðkÞg

¼ 1

4

n
ð2Þ
B n

ð2Þ
W ½S20ðkÞ � S2ðkÞ þ S1ðkÞ�

nð4Þ ; ðA:4Þ

for nBW ðkÞnBCðkÞ

EfnBW ðkÞnBCðkÞg

¼ nBnW nC

4nð3Þ ðS2ðkÞ � 2S1ðkÞÞ

þ n
ð2Þ
B nW nC

nð4Þ ðS20ðkÞ � S2ðkÞ þ S1ðkÞÞ; ðA:5Þ

for nBW ðkÞnCCðkÞ

EfnBW ðkÞnCCðkÞg

¼ nBnW n
ð2Þ
C ðS20ðkÞ � S2ðkÞ þ S1ðkÞÞ

2nð4Þ ; ðA:6Þ

for nBW ðkÞnCDðkÞ

EfnBW ðkÞnCDðkÞg

¼ nBnW nCnDðS20ðkÞ � S2ðkÞ þ S1ðkÞÞ
nð4Þ : ðA:7Þ

The variances, s2BBðkÞ; under non-free sampling are

s2BBðkÞ

¼ 1

4

S1ðkÞnð2Þ
B

nð2Þ þ ðS2ðkÞ � 2S1ðkÞÞnð3Þ
B

nð3Þ

"

þ ðS20ðkÞ þ S1ðkÞ � S2ðkÞÞnð4Þ
B

nð4Þ

#
� m2BBðkÞ; ðA:8Þ
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where mBBðkÞ is given by text Eq. (8), for joins between
identical types, and

s2BW ðkÞ

¼ 1

4

"
2S1ðkÞnBnW

nð2Þ þ ðS2ðkÞ � 2S1ðkÞÞnBnW ðnB þ nW � 2Þ
nð3Þ :

þ 4ðS20ðkÞ þ S1ðkÞ � S2ðkÞÞnð2Þ
B n

ð2Þ
W

nð4Þ

#
� m2BW ðkÞ

ðA:9Þ
for BaW; where mBW ðkÞ is given by text Eq. (9) for
joins between different types.
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