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Abstract

Spatial distributions of biological variables are often well-characterized with pairwise measures of spatial autocorrelation. In this
article, the probability theory for products and covariances of join-count spatial autocorrelation measures are developed for spatial
distributions of multiple nominal (e.g. species or genotypes) types. This more fully describes the joint distributions of pairwise
measures in spatial distributions of multiple (i.e. more than two) types. An example is given on how the covariances can be used for
finding standard errors of weighted averages of join-counts in spatial autocorrelation analysis of more than two types, as is typical

for genetic data for multiallelic loci.
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1. Introduction

Spatial distributions of variation over scales ranging
from landscape to geographic are of considerable
interest in many fields, including ecology and genetics.
Spatial patterns may be used to make inferences about
generative processes, and spatial structure can affect the
operation of processes. Much of the information content
of spatial patterns is captured by pairwise measures, i.e.
measures based on observations at paired locations, and
most statistics used to analyse spatial patterns also
fundamentally are based on pairs (Cliff and Ord, 1981).
For example, most measures of ecological diversity are
based on 1/Zp?, where p; is the probability or frequency
of species i, or other functions of pairs of observations
taken either with or without replacement (MacArthur,
1972). In population genetics, commonly used measures
such as effective number of alleles (1/Zp?, where p; is the
probability or frequency of allele i), and genetic diversity
or expected heterozygosity under Hardy-Weinberg
proportions (1—Xp?), as well as measures of genetic
distance (e.g. Nei, 1973) or genetic similarity (e.g.
Moran’s [-statistics), are also based on pairwise
comparisons. How such measures are distributed over
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space is part and parcel with the spatial distribution of
variants.

In most spatial analyses pairs of locations are
classified into groups that usually reflect some aspect
of spatial proximity, often each group represents a range
of Euclidean distances separating pairs of locations. A
group of pairs defines “joins,” e.g. a join for two
locations both having type i and separated by a distance
that falls within a certain distance class. By defining
joins, whether spatially or otherwise, constraints are
placed on higher order combinations, and joins of
different types are generally not independent. While the
case where there are only two types in the spatial
distribution has been fully characterized, in cases of
three or more types there are previously uncharacterized
dependencies among the different pairs of types.
Because most statistics are based on pairwise compar-
isons of multiple types, there exist dependencies or
correlations that make the sampling distributions of
such statistics difficult to derive.

For example, there is a strong need for characterizing
these correlations or covariances for studies of spatial
patterns of genetic variation. Pairwise spatial autocor-
relation measures used in genetics (Epperson, 1993) are
directly related to genetical theory models (e.g. Malécot,
1948, 1972), which are also primarily based on pairwise
measures of association. Experimental genetic distribu-
tions almost always have more than two types, and
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typically counts of joins are averaged, but covariance
among join-counts has prevented summary statistical
analysis, for example the finding of standard deviations
of averages. A popular statistic used for analyzing
spatial distributions of gene variation within popula-
tions is based on Moran’s autocorrelation measure, 7,
for diploid genotypes converted into frequencies of an
allele. This statistic is a weighted average of measures
based on pairs of genotypes (Epperson, 1995). The
values of I for different alleles are not independent,
which has prevented characterization of the standard
error of average values over alleles and loci. However,
averaging is generally required in order to make precise
inferences. By characterizing the covariances for differ-
ent pairs of genotypes, it is possible to find the
covariances of [ statistics for different alleles and hence
the standard error of averages. The covariances could be
used in many other studies of the spatial distribution of
nominal types. Moreover, the results are not necessarily
limited to spatial distributions, and could be used in
other contexts where sets of pairs are studied. None-
theless, for sake of brevity and concreteness, here we will
consider spatial distributions, and use notation that
follows the spatial autocorrelation literature.

Although spatial autocorrelation measures of biolo-
gical types, e.g. species or genotypes, were introduced
into biology by Sokal and Oden (1978), the probability
distributions of nominal types in space have been only
partially characterized. Moran (1948) found the dis-
tribution for two types, say black (B) and white (W),
under Mahalanobis’ definition of “free sampling.”
Under free sampling, the type at each location is
determined by the probability pg or py, independently
of other locations. Free sampling specifies one form of
the null hypothesis that types are randomly distributed
in space, in the distribution of spatial autocorrelation
statistics known as join-count statistics. Join-counts are
pairwise measures of spatial association, which see-
mingly utilize much of the information contained in
spatial patterns. Krishna-Iyer (1950) found the prob-
ability distributions for multiple types (i.e. more than
two types) under both free and ““non-free sampling,” but
only for cases where the types are distributed among
locations on regularly spaced lattices. Non-free sam-
pling treats the numbers of types as being fixed, and then
join-counts are based on sampling pairs without
replacement. Non-free sampling provides a more useful
form of the null hypothesis for join-counts and related
spatial autocorrelation statistics. Cliff and Ord (1973)
generalized join-counts for arbitrary spatial distribu-
tions of locations (i.e. not confined to lattices), but only
partially described the joint distribution of various join-
counts, and mostly for the two-type case. They found
the expected values and variances of join-counts, but
not most of the covariances or expected values of
cross-products of join-counts, under the two different

probability models (free and non-free sampling) that
specify the two alternative forms of null hypotheses for
spatial autocorrelation statistics. This is adequate only
when the distribution of each join-count is studied
separately. There are many other applied problems in
which it is necessary to characterize the covariances
among different join-counts, and this is the primary
objective of this article.

In a general spatial setting of the developments in this
article there may be r different nominal types in a spatial
distribution. At each different location there is a single
stochastic variable that represents the type that occurs
there. Each location has one and only one type. The
probability that a location has type b is p;. In spatial
autocorrelation analysis all pairs of locations are
classified in some way, usually in terms of a range of
Euclidean distances between pairs of locations, and
usually mutually exclusive and exhaustive (distance)
classes are formed. The objective here is to specify the
probability distribution of the numbers of pairs of types
found in any particular (distance) class k.

2. Development of the means and variances of join-counts
using new indicator variables

Let x; be an indicator variable such that x; =1 if
type b is found at location i, zero if not. This is a
different formation of indicator variables than that used
by CIliff and Ord (1973, 1981). Note that these indicator
variables are not independent. Let n,.(k) denote the
number of joins (pairs of locations) for types b and ¢ for
distance class k (i.e. the number of pairs of locations
which have type b at one location and ¢ at the other and
are separated by distances that fall within distance class
k). Let 9;;(k) be an indicator variable such that when the
pair of locations i and j is separated by a distance in
class k, it equals one, zero otherwise. Then:

1
npy (k) = B Z S5 (k) XinXpp,
®)

npe(k) = Z 5;‘/(k)xibxjc (1)
2

for b#c. The factor 1 for the join-counts ny;(k) corrects
for double counting. The double summation is twice
over all pairs of locations, excluding where the same
location is indicated twice, without respect to ordering
of locations, i.e.

) - i=1 j=1 .
i#]
By the definition of a join d;(k) = d;i(k).
There are two different ways to configure the
probability distribution of ny. (k) under the null hypoth-
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esis that there is no spatial structure, i.e. that the pairs of
types are independent of their spatial locations. The first
way is appropriate if the type probabilities, pp, are
posited and if the types at two locations represent two
independent draws with replacement, as in an infinite
urn model. This case corresponds to Mahalanobis’
definition of ““free sampling,”” and it corresponds to the
“free-sampling” null hypothesis in the spatial autocor-
relation literature (Cliff and Ord, 1981). The expected
values (k) and variances o7.(k) under “free sam-
pling” for joins between two locations with the same
type b are

(k) = Soz(k) Pi (2)

ahy (k) =31 (K)pj, + (S2(k) — 281 (K))pj

where
k) =" (k) (4)
©)
or twice the number of joins total for distance class k,

22 i(k) + 0i(k ) (5)

which is four times the number of joins and

n n n 2
o z(z a[/<k>+zaﬁ<k>) ©)
=1 \J=T =

(Cliff and Ord, 1981). For joins between different types
b and ¢ (b#c¢):

tpe(k) = So(k)pspe, (7)
030 (k) = 3281 (l)ppe + (Sa(k) — 281 (k)
X pppe(Pp + pe) +4(S1(k) — S2<k))p127p3]' (8)

Note that weighted join-counts can be configured by
simply replacing the binary indicators, d;(k), with
weights w;(k) in the above expressions as well as in
what follows. However, these are rarely used in practice,
and here we will use only the binary J;(k) to simplify
discussion.

Another commonly used probability distribution
corresponds to sampling pairs without replacement
from a finite urn. This distribution, called “non-free
sampling,” is even more useful than “free-sampling” as
a null hypothesis because it does not require knowledge
of the true p; (Cliff and Ord 1981), which are generally
unknown in the experimental setting. For “‘non-free”
the expected number of joins for any distance class k is

n?
o) =20 )

and

) = S oe (10)

for b#c. Here np is the number of times that type b
occurs among all n locations, and ng ) = np(np — 1). The
variances, °(k) under non-free sampling are:

kn2 k) — )
o (k) = 4[ (ng)’ — nifl( =
(4)
+<so<k>2+Sll<11(c4>>—Sz("””b —mk). (D

where (k) is given by Eq.(9), for joins between
identical types, and

1128 (k)npn
2 1 ble
The(k) = 1 [T
(Sa(k) — 28 (k))npnc(np + n. — 2)
+ e

2,2
+4(So(k)2+Sl(];24)_ Sa(k))ny ne —u2.(k)  (12)

for b#c, where p,.(k) is given for joins between
different types (Eq.(10)), and n® =n(n—1), n® =
nin—1)(n—-2), "™ =n(m—1)(n—2)(n—-3), and simi-
larly for the n’) etc. (CIiff and Ord, 1973, 1981).

The relationships among sets of joins are inherently
complex. For example, in the simplest case where there
are only two types, B and W, in a spatial distribution
none of the numbers of types of joins, ngg, ngy, or nyy
contain all information, but any one of these is
redundant with respect to the other two since they
sum to Sp(k)/2. For example, the values of npp(k) and
npw (k) joins are not independent, under either the free
or non-free sampling null hypothesis. Although the
variances have been found CIiff and Ord (1973), the
probabilities of most other products of join-counts have
not.

3. Probability distributions of other products of
join-counts

Other products must be found in order to more fully
characterize the joint distributions of join-counts for
arbitrary numbers of types, and this will for example
also allow specification of the covariances among
different weighted averages of join-counts, under both
free and non-free sampling. To do so requires con-
sideration of distributions of only four types, B, W, C,
D. To simplify exposition we make the minor assump-
tion that there are enough of all types so that the nb4> are
defined.
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Using Eq. (1), the expected value of the product
I’lBB(k)I’lgw(k) is:

E{ngg(k)ngw (k)}
1
=F 5%):5@,«(k)x,~3xj3 %}:5k1(k)xk3xlw

(13)

Because the d;;(k) are fixed by the spatial distribution of
locations and the definition of distance class k, Eq. (13)
equals

e IPINIL
(2) (2

)ExinjBkale (14)

(Please note that the index k is not to be considered as
the distance class k). Eq. (14) may be written out more
explicitly:

DR R I

i=1 j=1 k=1 I=1
i#] k#l1

VEXiX;X1pX1w (15)

It is helpful to separate the [n*(n—1)?] terms in Eq. (15)
into three components. The first component contains all
terms in which both locations are indexed twice. One of
the following two constraints applies: either k =i, j = [;
or k =j, | =1i. This component is:

Z [5,2/ (k)EX,’BXjBXiBXjW + 511 (k)éji(k)ExiBXjBXjBij] .
@

(16)

There are a total of 2n(n — 1) terms in this component
(spread equally among the two constraints), and by
Eq. (5) the sum of the functions of d;;(k) (or weights, if
the weights are symmetric, i.e. all wj(k) = w;(k)) is
Si(k)/2.

The second component of Eq. (15) contains all terms
where one and only one of the locations is indexed twice.
One of the following four constraints must apply: either:
i=k, j#£lI; i#l, j=k; i=1 j#k; or i#k, j=1). The
second component is:

ZZZ i

i=1 j=1 I=
itjtl
+ 5ii(k)5‘ (k)ExiBXjijBx/W]

k)ExipXigXipXiw

0ij (k)i (k) ExipXjpXrpXimw

+ 64 (k)0xj (k) ExipX;pXrpXjw] (17)

and

There are a total 4n(n— 1)(n—2) terms in this
component spread equally among the four constraints,
and the binary variables (or weights) sum to S»(k) —
28 (k) (using Egs. (5) and (6)).

The third component consists of all terms in which no
location is indicated twice:

251/ )ori (k) ExipxjpXrpXiw, (18)
where
RN

i#j#k#l

In this component the total number of terms is n(n —
1)(n —2)(n — 3) and the sum of the binary variables (or
weights) is S3(k) — S2(k) + Si (k) (using Egs. (4)—(6)).

As noted, all of the terms in the first component
(Eq. (16)) are subject to a constraint that they have
either k=i, j=1 or k=j, [ =i Both of these
conditions give impossible assignments of both B and
W to the same location. For example, the product
XipX;pXipX;y assigns both B and W to location j. Thus it
is not possible for all four indicator variables to equal
one in any of the terms, and the expected values of all
terms are zero, as is the expected value for this
component.

For the second component (Eq.(17)), the triple
summation sums over i, j, and k, with the constraint
that i#j+#k. This means that one of the following four
constraints applies with equal incidence: i = k, j#[; i #1,
j=k;i=1,j#k; or i#k, j=1. Each of the latter two
constraints requires assignment of two types (B and W)
to one of the three locations, and hence add nothing to
the expected value of the sum. In contrast, all of the
terms (one-half of the terms in the second component)
meeting the first two constraints are possible. Under free
sampling they all have expected value equal to the
probability of choosing two B types and one W type
with replacement, i.e. p3pw .

For the third component (Eq. (18)), all of the terms in
the quadruple summation (over i#j#k#/) are possible,
because there are four different locations involved. For
free sampling all terms have expectation pypy. Thus,
under free sampling:

E{ngp(k)ngw(k)}
x [(Sa(k) —

= %P%PW

281(k))/2 + (S2(k) — Sa(k) + Si(k))ps]
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or

%P%PW[SZ(]C)(I —2pp)
— 281(k)(1 = ps) + 2S0(k)*ps] (19)

Eq. (19) reduces to Equation 7.62 in CIiff and Ord
(1973), who used a different method, for the special case
of only two types, B and W (then py =1 — pp).

The expected values for non-free samphng can be
found by substituting terms n”n’ /n i) (probabilities
based on sampling without replacement) for p Bp’W in the
expectations for specific terms. The effects of sampling
with replacement carry through all steps, because the
multipliers (numbers of analogous terms) are fixed by
the spatial distribution of locations and distance class.
Thus the expected value of the join-count products
under non-free sampling are yielded by combining
powers of po’W in Eq.(19) and substituting
n( nY /n ) for them.

The expected value of the product ngy (k) - nyw (k)
can be found simply by switching the B and W
subscripts in the above expressions. In addition,
products of the form ngw (k) - ngw(k) and npw(k) -
nww(k) can be derived similarly, and hence the
variances. However, because the variances are the same
as for the two type case (e.g. shown in Egs. (3), (8), (11)
and (12)), the details are not given here.

The final type of product of joins involving only two
types (although in the general setting of multiple type
spatial distributions) is of the form ngp(k) - nyw (k).

E{npp(k)nww (k)}

1 1
=K 5%51‘/(/()361‘3?93 5%):5k1(k)kaX/W

(20)

Following the same steps as before, Eq. (20) can be
separated into three components. The first component is

Z[5§(k)Exin/Bxin,'W
2
+ 05j(Kk)0ji (k) ExipX;pxjw Xiw (21)
All terms in Eq. (21) have expectation zero because

they would require assignment of two types to the same
location(s). The second component is

ZZZu

i=1 j=1 I=
itjtl
+ 0;i(k)0ji (k) ExipxipXjw X1w ]

k) ExipXjgXiw Xiw

+ZZZ i (K) Ok (k) EXigXjpXiew Xiw
i=1 j=1 k=
i#j#k
+ 0,(k) O (k) ExipXjpXw Xjw (22)

In Eq. (22) all terms assign two types to one location,
and thus this component is zero. The third component is

Z 51/ 51{/

None of the terms in Eq. (23) assign multiple types to
any one location. Under free sampling all of these terms
have expectation pyp¥,. Under non -free sampling they
all have expectation nt B / n Thus under free
sampling

E{ngg(k)nww(k)}
= 3050w (S5 (k) —
The result for non- free samphng follows directly by
substituting n'? >nW/n for p3p3, in Eq. (24).
To complete the general case with more than two
types, three additional types of products occur, exem-

plified by BW BC, BW CC, and BW CD, respectively.
For the first type of product, BW BC:

E{npw(k)ngc(k)}

VEXiBX;pXicw X - (23)

Sa(k) + S1(k)]. (24)

=E Z 057 (k)xipxjmw Z Ot (k) xkpxic
) ()
(25)
The first component of Eq. (25) is
> 1030k Exipxjwxipxjc
2
+ (Sij(k)5ji(k)ExiBXijj3xiC], (26)

All of the terms in Eq. (26) assign two different types
either to one location or to both locations. Thus this
component is zero. The second component is

ZZZu

l#/ #l
+ 04 (k)61 (k) Exipxjw X;jpXic]

+ZZZU5M

+ 0;(k) oxj (k) ExipXjw XrXjc] (27)

In Eq.(27) only the terms with i=4k and j#/ are

possible, and these constitute one-fourth of the total

number of terms in the second component. Under free

sampling the expected values for each are pgpypc.
The third component is

Z 51/ 5k/

In Eq. (28) all terms are possible, and under free
sampling each has expected value pipwpc. Thus
under free-sampling the expected value of the product

k) ExipXjw XipXic

VEXiBXjw XipXic

VEXigXjw XipXic- (28)
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I/lgw(k) . I/lgc(k) is
E{ngw (k)npc(k)} = pspwpcl s (S2(k) — 281 (k))

+ (S5 (k) = S2(k) + 1 (k))ps] (29)
or
E{npw (k)npc(k)} = %

x [(Sa2(k) — 281 (k)) + 4(S5 (k)

= Sa(k) + S1(k))ps)- (30)

Again it can be shown that under non-free sampling
the expected value can be obtained by first combining
powers pip),pk. and substituting 2\ n)n®) /n(++0) in
Eq. (29) or Eq. (30).

The next case is for products of the form BW CC:

E{ngw(k)ncc(k)}

. 1
=F %): 05 (k) xipxjW 3 %): o1 (k) xrcxic

(31)

Again, Eq. (31) can be separated into three compo-
nents. All terms in both the first and second components
of Eq.(31) involve double assignments of types to
location(s). The third component has all terms that are
possible and under free-sampling each has expected
value pgpwp7, and under free sampling the expected
value is

E{ngw (k)ncc(k)}
=1 pspwpe(So(k)’ — Sa(k) + Si(k)). (32)

Under non-free sampling the expected value can be
obtained by substituting for pppwp2 and substituting
anWn<C2)/n<4> in Eq. (32).

The final type of product is BW CD, and

E{ngw (k)ncp(k)}
=EQ | Y olk)ximxim | | D oulk)xkexip
(2) (2)

(33)

As in the preceding case, the first two components of
Eq. (33) all involve impossible assignments and all of the
third component terms do not. Under free sampling,
each of the latter have expected value pgpwpcpp. Hence,
under free sampling the expected value is

E{npw (k)ncp(k)}
= pepwpcpp(So(k)’ = Sa(k) + 1 (k). (34)
The expected value under non-free sampling is
obtained by substituting ngnyncnp/n™® for pspwpcpp
in Eq. (34).
The above results can be used to obtain the cross-
products for all pairs of types of joins, irregardless of the

number of types, simply by observing the appropriate
case above and substituting the types accordingly. These
can be used to obtain the covariances (in addition to the
variances) and correlation coefficients among all types
of joins for any multitype spatial distribution. More-
over, this can also be done for nonspatial problems that
may involve the placement of pairs of multinomial data
elements into a class, under free or non-free sampling.
The results also allow the formulation of variances for
any weighted sum of join-counts.

It is worth noting that under free-sampling the
covariance between BW and CC is

spspwpe(Si(k) — 28:(k)). (35)

The term within the parentheses in Eq. (35) is always
negative, thus the covariance is always negative. The
same is true for the non-free case, and it is also true for
covariances of the type BW CD.

It is also worth noting that the covariances typically
involve S»(k) and hence the constellation of sample
locations. Thus the covariances are intimately connected
to the actual distribution of sample locations.

4. Discussion

All covariances between join-counts can be found
under both free and non-free sampling, using the results.
The above equations (Egs. (19), (24), (30), (32) and (34)
and the equations for the variances—Egs. (3), (8), (11)
and (12)) are mostly expressed for the expected values of
the products, explicitly for the free sampling case. But in
all cases expected values for non-free sampling can be
obtained by combining powers of pip,piph in the
equation and substituting n'n¥)n'nll) /nltitke) Coy-
ariances are obtained by subtracting off the appropriate
form of the product of expected values of join-counts
(using Egs. (2), (7), (9) or Eq. (10)).

The covariances appear to depend on some of the
values of Sy(k), Si(k), and S,(k). The value of Sy(k) is
particularly dependent on the specific spatial distribu-
tion of locations. However, in cases where the spatial
distribution of locations is supported on a lattice, and
distance classes are well-defined as spatial lags, S»(k)
can be determined from the size of the lattice (e.g.
Krishna-lyer, 1950). Nonetheless, in the general case
S» (k) is determined by computer in spatial autocorrela-
tion analyses. This suggests an algorithm, which the
author has put into place, for calculating covariances,
for application to any data set where each spatial
location has one type. The algorithm classifies the
expected products of joins (and ultimately covariances)
each into one of seven classes, while simultaneously
counting the numbers of types. (As noted earlier non-
free sampling is more useful, and it requires knowledge
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of the number of each type.) The algorithm keeps track
of the types involved, numbers of joins, and Sy (k), S (k),
and S»(k). The seven classes of products are, generically
speaking, typified by BBBB, BW BW, BBBW,
BBWW, BW BC, BBWC, and BW CD. For example,
the product of EE joins with FG joins (or vice versa) is in
the same class as BB WC. The class defines the form of
the equation for finding the products or covariances.
One application of the covariances is in finding
standard errors of (weighted or unweighted) averages
of join-counts. For example, as was noted in Section 1,
in spatial autocorrelation analysis of genotypes, typical
applications of Moran’s [I-statistics involve weighted
averages of join-counts of pairs of diploid genotypes
(Epperson 1995, 2003). Usually several to many
Moran’s I-statistics are calculated for the same distribu-
tion of single-locus genotypes, one I-statistic for each
allele. In cases where there are only two alleles, the two
I-statistics are identical and procedures are straightfor-
ward. For a locus with three or more alleles, per-allele /-
statistics are not identical, but because they involve
overlap of some joins they are dependent. By expressing
the covariances of /-statistics in terms of expected values
of products of join-counts, given by the results in
this article, it becomes possible to find the covariances of
I-statistics under the null hypothesis (Epperson, 2003).
Because [-statistics are asymptotically normally
distributed, it is further possible to find the distribution
of average values of Moran’s I (averaged over alleles),
and to form proper test statistics, for any spatial
distribution of sample locations. Further, because it

can usually be assumed that covariances among loci are
near zero, these allow derivation of the first test statistics
averaged over alleles and loci that have known
distributions. Such summary statistics should have
considerably greater statistical power than single-allele
measures.
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